HASSE PRINCIPLE AND BOMBIERI-MASSER-ZANNIER 
HEIGHT BOUND FOR THE DYNAMICS OF DIAGONALLY 
^^ SPLIT POLYNOMIAL MAPS 
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^L{' Abstract. Let / be a polynomial of degree at least 2 with coefficients in a 

■^^ , number field or a characteristic function field K. In this paper, we study 

■ two arithmetic properties of the dynamics of the map (/, ...,/) : {V\^)" — > 

^_^ ' (Pjf )" for n > 2, namely the dynamical analogues of the Hassc principle and 

the Bombieri-Masser-Zannier height bound theorem. In particular, we prove 
that the Hasse principle holds when we intersect an orbit and a preperiodic 
subvaricty, and that points in the intersection of a curve with the union of all 
, periodic hypcrsurfaces have bounded heights unless that curve is vertical or 

\^ ' contained in a periodic hypersurface. An important common ingredient in our 

investigation of these two properties is the description of periodic subvarieties 
given recently by Medvedev and Scanlon. 



H 






O 



1. Introduction 



^ ■ In algebraic dynamics, we are given a morphism (p from an algebraic variety X 

^N I defined over a field K to itself, and our goal is to study the iterates (/s" and all 

^^ • the preperiodic subvarieties. The complex analytic side begins with work of Julia, 

/y-\ I Fatou and Ritt where X = P^-. The arithmetic side is more recent, starting with 

Northcott's paper [Nor50] in 1950 and, after a dormant period, advancing rapidly 

since the early 1990s. By analogies with well-known results in diophantine geometry, 

^^ . many results and conjectures in arithmetic dynamics have been formulated and 

partially verified, most notably the Uniform Boundedness Conjecture by Morton 
and Silverman [MS94], the Dynamical Mordell-Lang Conjecture by Ghioca and 
Tucker [GT09] and the Dynamical Manin-Mumford Conjecture by Ghioca, Tucker 
X '. and Zhang [Zha06], [GTZll]. 

^ ' In this paper, we study certain arithmetic properties of the dynamics of diago- 

■ ■ ■ nally split polynomial maps ip = (/,...,/) : (P^)" — > (P^)" over a number field or 

a characteristic function field K, where n > 2 and / is a polynomial of degree at 
least 2. There are a few good reasons why such maps deserve attention. First, we 
could study the dynamical analogues of many important diophantine results on the 
torus G^i (for examples, see [Zanl2]). Second, we could use a great deal of work 
by complex and arithmetic dynamists on polynomial maps of P^. Third, while the 
only subvarieties of P^ are points (and P""^ itself), the variety (P-'^)" has many in- 
teresting positive dimensional subvarieties and provides a good testing ground for 
conjectures about dynamics of arbitrary varieties. Finally, very recently, by using 
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model theory and Ritt's polynomial decomposition, Medvedev and Scanlon [MS13] 
are able to describe all the (/^-periodic subvarieties of (P^)". 

The arithmetic properties mentioned in the last paragraph are the dynamical 
Hasse principle, and the dynamical Bombieri-Masser-Zannier height bound theo- 
rem. For example, among our results are the following: 

Theorem 1.1. Let n > 2, let K be a number field or a characteristic function 
field, f a polynomial of degree at least 2 in K[X], and ip = (/, ...,/) : (P/^)" — > 
(P)f)". Let V be an absolutely irreducible preperiodic curve or hypersurface in 
(Pi^)", and P e {V'^)"{K) such that the ip-orbit of P does not intersect F(V). // 
K is a function field, we assume f is not isotrivial (see Section 2). Then there are 
infinitely many primes p of K such that the p-adic closure of the orbit of P does 
not intersect V{Kp), where Kp is the p-adic completion of K . 

Theorem 1.2. Let K, n, f , and ip be as in Theorem 1.1, except that we even 
allow f to be isotrivial in the function field case. Assume f is disintegrated (see 
Definition 2.4). Let C be an irreducible curve in (P^)" that is not contained in any 
periodic hypersurface. Assume C maps surjectively onto each factor ¥^ of (P"'^)". 
Then points in 

\J(C{K)nV{K)) 

V 

have bounded heights, where V ranges over all periodic hypersurfaces o/(P^)". 

We refer the readers to Theorems 2.6, 2.7, 2.8, 3.4, 3.12, and 3.13 for much more 
general results. This paper consists of two parts: the dynamical Hasse principle 
is given in Section 2, while the dynamical Bombieri-Masser-Zannier height bound 
is given in Section 3. This section only serves as a brief introduction to these 
parts. Each part has its own introduction including motivation from diophantine 
geometry, and we refer the readers to those introductions for more details. We end 
this section by stating our convention for notation. A function field means a finitely 
generated field of transcendental degree 1 over a ground field of characteristic 0. 
Throughout this paper, K denotes a function field over the ground field k or a 
number field, and Mk denotes the set of places of K. Note that in the function 
field case, by places oi K, we mean the equivalence classes of the valuations on K 
that are trivial on k. For every v in Mk, let K^ denote the completion of K with 
respect to v. If v is non-archimedean, we also let ^„ and k^, respectively denote 
the valuation ring and the residue field of K^. By a variety over K, we mean a 
reduced separated scheme of finite type over K. Every Zariski closed subset of 
a variety is identified with the corresponding induced reduced closed subscheme 
structure, and is called a closed subvariety. Curves, surfaces,. . . , and hypersurfaces 
are not assumed to be irreducible but merely equidimensional. In this paper, P)^ is 
implicitly equipped with a coordinate function x having only one simple pole and 
zero which are denoted by oo and respectively. Every polynomial / G ^[^] gives 
a corresponding self-map of Pj^ , and a self-map of K]^ = P)^ — {oo} by its action 
on X. For every self-map ^ from a set to itself, for every positive integer n, we write 
/i" to denote the n"^ iterate of n, and we define fjP to be the identity map. The 
phrase "for almost all" means "for all but finitely many" . 

Acknowledgments. The author would especially like to thank Tom Tucker 
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are grateful to Tom Scanlon for numerous helpful conversations, explanations and 
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2. The Dynamical Hasse Principle 

2.1. Motivation and Main Results. In this section, let S' be a fixed finite subset 
of Mx containing all the archiniedean places. For every variety X over K , we define: 

(1) X(K,S)^Y{X{K,) 

equipped with the product topology, where each X{Ky) is given the w-adic topology 
which is Hausdorff by separatedness of X. The set X{K) is embedded into X{K, S) 
diagonally. For every subset T of X{K,S), write C{T) to denote the closure of T 
in X{K,S). The following theorem has been established by Poonen and Voloch 
[PVIO, Theorem A]: 

Theorem 2.1. Assume that K is a function field. Let A be an abelian variety and 
V a subvariety of A both defined over K. Then: 

(2) V{K) = V{K,S)^C{A{K)). 

The analogue of Theorem 2.1 when K is a number field is still widely open. 
The main motivation for Poonen- Voloch theorem is the determination of V{K) 
especially when V^ is a curve of genus at least 2 embedded into its Jacobian. More 
precisely, they are interested in the Brauer-Manin obstruction to the Hasse principle 
previously studied by Scharaschkin, Skorobogatov, Flynn, Stoll... In fact, the idea 
of taking the (coarser) intersection between V{Kf) and the p-adic closure of A{K) 
in A{Kp), where p is a prime of K, is dated back to Chabauty's work in the 1940s. 
We refer the readers to [PVIO] and the references there for more details. 

Now return to our general setting, let (/? be a iiT-morphism of X to itself, V a 
closed subvariety of X, and P € X{K) a iiT-rational point of X. We have the 
following inclusion (note the similarity with (2) where the finitely generated group 
A{K) is replaced by the orbit of P): 

(3) v{K)no^{P)cv{K,s)nc{o^{P)), 

where 0^{P) := {P, f{P), .-.} is the forward orbit of P. 

Motivated by the Poonen- Voloch theorem, Hsia and Silverman [IIS09, p. 237- 
238] ask: 

Question 2.2. Let V^'^ denote the union of all positive dimensional preperiodic 
subvarieties of V . Assume that 0^{P) n yPP(_ftr) = 0. When does equality hold in 
(3)? 

The requirement 0^p{P) n V^'^{K) = is necessary as explained in [IIS09, p. 
238]. In this paper, we restrict to the following question: 

Question 2.3. Assume that V is preperiodic and V{K) n Oip{P) ~ 0, when can 
we conclude V{K, S) f] CiO^iP)) = ? 

Roughly speaking, while the Dynamical Mordell-Lang conjecture (DML) [GT09] 
involves the intersection of an orbit and a subvariety. Questions 2.2 and 2.3 involve 
the same kind of intersections but taken modulo ideals of i^K,s where ^k,s is the 
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ring of 5'-integers of K. Although the connection is not clear at the moment, one 
way to investigate Questions 2.2 and 2.3 is to look at cases where DML has been 
resolved. For instance, motivated by the solution of DML for etale maps by Bell, 
Ghioca and Tucker [BGTIO], Amerik, Kurlberg, Towsley, Viray, Voloch and the 
author prove that if ip is etale. Question 2.3 has an affirmative answer [AKN+, 
Section 4]. 

We remind the readers that \i K \s a. function field over the constant field k, 
a rational function / € K{X) is said to be isotrivial if there exists a fractional 
linear map L G Aut(P^(_R')) such that L^^ o f o L E R(X). Wc now introduce 
the notion of disintegrated polynomials. Let F be an algebraically closed field of 
characteristic 0. For d > 2, the Chebyshev polynomial of degree d is the unique 

polynomial Cd e F[X] such that CdiX + —) = X'^ + —j. 

X X"- 

Definition 2.4. Let f G F[X] be a polynomial of degree d > 2. Then f is said 
to be special if there is L E Aut(P"'^(i^)) such that L^^ o f o L is either iCd or 
the power monomial X'^ . The polynomial f is said to be disintegrated if it is not 
special. 

Here we have adopted the terminology "disintegrated polynomials" used in the 
Medvedev-Scanlon work [MS13] which has its origin from model theory. Unfor- 
tunately, there is no standard terminology for what we call special polynomials. 
Complex dynamists describe such maps as having "flat orbifold metric" , Milnor 
[Mil] calls them "finite quotients of affine maps" , and Silverman's book [Sil07] de- 
scribes them as polynomials "associated to algebraic groups" . The term "special" 
used here is succinct and sufficient for our purposes. We remark that for every 
TO > 0, /™ is disintegrated if and only / is disintegrated. To prove this, we may 
assume i^ = C by the Lefschetz principle and use the fact that a polynomial is 
disintegrated if and only if its Julia set is not an interval or a circle. 

Our main theorems below will address Question 2.3 when X — (P^)", and ip is 
the diagonally split morphism associated to a polynomial /. We begin with the 
case dim(V^) = 0: 



Theorem 2.5. Let f G -ft'i^] be a polynomial of degree at least 2, let n > 2 be an 
integer, and let (p denote the split morphism (/,...,/): (P]^)" — > (Pj^)". If K is 
a function field, we assume that f is not isotrivial. Let V be a zero dimensional 
subvariety of {P]^)" . The following hold: 

(a) For every P G (P^yiK) such that V{K)nO^{P) = 0, there exist infinitely 
many primes p such that V{Kp) does not intersect the p-adic closure (in 

(pi)"(ifp); ofo^{p). 

(b) Question 2.2 has an affirmative answer, namely for every P G X{K) we 
have: 

v{K) n o^{P) = v{K, s) n c{o^{p)). 

(c) In this part only, we assume f is special and V is preperiodic. Then for 
every P G (F'^)"'{K) such that V{K) n 0^{P) = 0, for almost all primes 
p of K , we have V{K^) does not intersect the p-adic closure of Oip{P). 

Part (b) actually holds for maps of the form (/i, . . . ,/„) where each fi is an 
arbitrary rational map of degree at least 2. This more general result follows from 
the main results of Silverman and Voloch [SV09]. We will see that the trick used 
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to establish part (a) in Subsection 2.2, which is similar to one used in [SV09], 
appears repeatedly in this section and can be modified to reduce our problem (when 
dim(V^) > 0) to the etale case (see Subsection 2.4). Part (c) of Theorem 2.5 could 
be generalized completely, we have: 

Theorem 2.6. Let f e K[X] be a special polynomial of degree d > 2. Let n > 
2, and if ~ (/,...,/) be as in Theorem 2.5. Let V be a subvariety of (Pj^)" 
.such that every irreducible component of Vj^ is a preperiodic subvariety. Let P £ 
(Pi)"(i^) such that V{K) n 0^(P) == 0. Then for almost all primes p of K, 
V{Kp) does not intersect the p-adic closure of 0^{P). Consequently, Question 2.3 
has an affirmative answer: V{K,S) riC{Oip{P)) = 0. 

It has been known since the beginning of the theory of complex dynamics that 
special polynomials and disintegrated polynomials have very different dynamical 
behaviours. When / is disintegrated, we are still able to prove that a Hasse principle 
analogous to Theorem 2.6 holds when T^ is a curve or a hypersurface: 

Theorem 2.7. Let f G K[X] be a disintegrated polynomial of degree d > 2. 
When K is a function field, we assume that f is not isotrivial. Let n > 2, and ip — 
(/,..., /) be as in Theorem 2.5. Let V be a ip-preperiodic and absolutely irreducible 
curve or hypersurface o/(P]f)". Let P G {F^)"{K) such that V{K)nO^{P) = 0. 
Then for infinitely many primes p of K, the p-adic closure of Op{P) does not 
intersect V{Kp). Consequently, Question 2.3 has an affirmative answer: we have 
V[K,S)^C{0^{P))^%. 

Although we expect Theorem 2.7 still holds for an arbitrary absolutely irreducible 
preperiodic subvariety V (i.e. 1 < dim(V^) < n — 1), we need to assume an extra 
technical assumption, as follows: 

Theorem 2.8. Let f, n, and ip be as in Theorem 2.7. Assume the technical 
assumption that every polynomial commuting with an iterate of f also commutes 
with f (this is satisfied by a generic f, see below). Let V be an absolutely irreducible 
ip-preperiodic subvariety of (P)^)". Let P e (P^)" such that ViK) fl O^iP) = 0. 
Then there exist infinitely many primes p of K .such that the p-adic closure of 
Oip{P) does not intersect V{Kp). Consequently, Question 2.3 has an affirmative 
answer: V{K, S) H C{0^{P)) = 0. 

In fact, let M{f°°) denote the group of linear polynomials commuting with an 
iterate of /. By Proposition 2.14, if M(/°°) is trivial then the technical assumption 
in Theorem 2.8 holds. When / has degree 2 and is not conjugate to X"^, we have 
that M{f°°) is trivial. When / has degree at least 3, after making a linear change, 
we can assume: 

fix) = X'' + ad-2X''-^ + aa-iX''-^ + . . . + oq. 

It is easy to prove that when 0^-20^-3 7^ 0, the group M{f°°) is trivial. Hence the 
technical assumption holds for a generic polynomial /. 

When K \s a number field, dim(V^) = and V is preperiodic, Benedetto, Ghioca, 
Hutz, Kurlberg, Scanlon and Tucker [BGH+13, Theorem 1] have proved a much 
stronger result than part (a) of Theorem 2.5, namely there is a positive density set 
of primes p such that the reduction mod p of the orbit of P is still disjoint from 
the reduction mod p of V . They also give a heuristic explanation why their result 
should not hold when dim(F) is large. In some sense, the results above might be 
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regarded as a common extension of results by Silverman and Voloch [SV09] , and 
Benedetto, Ghioca, Hutz, Kurlberg, Scanlon and Tucker [BGH+13] to the higher 
dimensional case. 

The organization of this section is as follows. We first prove Theorem 2.5 which 
settles the case dim(y) = 0. After that, we prove Theorem 2.7 which establishes 
the case y is a curve or a hypersurface. Hence Theorem 2.8 holds when n G {1, 2, 3} 
or when dim(y) G {0, 1, n — 1} without the extra technical assumption. To prove 
Theorem 2.8 for n > 2, we proceed by induction on n. The same strategy also 
works for Theorem 2.6: we first consider the case V is a hypersurface, then proceed 
by induction. 

For Theorem 2.7, by a result of Medvedev and Scanlon (see Theorem 2.13), we 
know that the curve or hypersurface V has a very special form. Then we use a result 
of Ingram-Silverman [IS09] to get infinitely many "good" primes. Let p be such a 
prime, now under the assumption that V{Kp) is p-adically close to 0^{P) and the 
special form of V ^ we can essentially reduce to the etale case treated in [AKN+J 
and get the desired conclusion. For Theorem 2.6 when y is a hypersurface, we also 
reduce to the etale case. But the reduction steps will be much easier compared 
to those for Theorem 2.7. In the next subsection, we will give all the preliminary 
results alluded above as well as a proof of Theorem 2.5. 

2.2. An Assortment of Preliminary Results. Our first lemma shows that in 
order to prove Theorems 2.5-2.8, we are free to replace K hy a finite extension. 

Lemma 2.9. Let L he a finite extension of K , X a variety over K , ip a K- 
endomorphism of X , V a closed subvariety of X over K , and P an element of 
X{K). Let p he a prime of K and q a prime of L lying ahove p. LfV(Lq) does not 
intersect the q-adic closure of 0^{P) in A'(I/q) then V{Kp) does not intersect the 
p-adic closure of 0^{P) in X{Kp). 

Proof Clear. D 

Before stating the next result, we need some terminology. Let p be a prime 
oi K, ^ a separated scheme of finite type over ^p. By the valuative criterion 
of separatedness [Har77, p. 97], we could view ^(^p) as a subset of of ^(Kp), 
then the p-adic topology on ^(^p) is the same as the subspace topology induced 
by the p-adic topology on ^{Kp). Every point P G ^(^p) is an €?p-morphism 
Spec(i^p) — > S^ . By the generic point and closed point of P, we mean the image of 
the generic point and closed point of Spec(i^p), respectively. We write P to denote 
its closed point, which is also identified to the corresponding element in ^{kp). The 
scheme ^ is said to be smooth at P if the structural morphism ^ — > Spec(i^p) 
is smooth at P. Similarly, an endomorphism ip of ^ over i^p is said to be etale at 
P if it is etale at P. The following is essentially a main result of [AKN+, Theorem 
4.4]: 

Theorem 2.10. Let K, p, ^, and P G ^{^p) he as in the last paragraph. Let 
(f be an endomorphism of !%" over ffp. Assume that !%" is smooth and Lp is etale 
at every point in the orhit 0^{P). Let ^ he a reduced closed suhscheme of Sy . 
Assume one of the following sets of conditions: 

(a) There exists M > satisfying 'p'^ [Y) C Y . When K is a function field, 
we assume that P is p-preperiodic modulo p (this condition is automatic 
for number fields since kp is finite). 
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(b) Y is a finite set of preperiodic points of ^{ffp). 
We have: if^i^p) does not intersect 0^{P) then it does not intersect the p-adic 
closure ofO^{P). 

Proof. First assume the conditions in (a). Although the statement in [AKN+, 
Theorem 4.4] includes smoothness of :Sf and etaleness of (p everywhere, its proof 
could actually be carried verbatim here. 
Now assume the conditions in (b). Define: 

oo 

Then Yi is a finite set of points in jr(^p) satisfying (^(>i) C fi. If the orbit of P 
intersects 'fi{^p) then P is preperiodic and there is nothing to prove. So we may 
assume otherwise. After reducing mod p, if the orbit of P does not intersect 'fi 
then there is nothing to prove. So we may assume otherwise, and this assumption 
gives that P is preperiodic mod p. All the conditions in part (a) are now satisfied, 
and we can get the desired conclusion. D 

The Silverman- Voloch trick mentioned right after Theorem 2.5 is the following 
(see [IS09] for all the terminology): 

Lemma 2.11. Let f G ^[^] be a polynomial of degree at least 2, and let a E K 
he an f -wandering point. Assume f is not isotrivial if K is a function field. Let 
J € K be a periodic point of f such that f is not of polynomial type at 7 (this 
always holds if the exact period of ^ is at least 3 [IS09, p. 291] J. Then there are 
infinitely many primes p of K such that Vp{f^{a) — 7) > for some /i depending 
on p. 

Proof. This follows from the deeper result of Ingram-Silverman [IS09, p. 292] that 
almost all elements of the sequence (/''(a) — 7) have a primitive divisor. Or we 
could make a fractional linear change of variable and use the finiteness of integral 
points in orbits proved in [Sil93, Theorem B]. D 

We can use Lemma 2.11 to prove the following: 

Lemma 2.12. Let f be as in Lemma 2.11. Let a be an element ofY'^{K) and V 
a finite subset of¥^{K) such that the orbit of a does not intersect V . Then there 
are infinitely many primes p such that the p-adic closure of the orbit of a does not 
intersect V . 

Proof. If a is preperiodic, there is nothing to prove (actually every prime p will 
satisfy the desired conclusion). We now assume a is wandering. For almost all p, 
we have Vp{a) > and / e (?p[X], so Vp{f"^{a)) > for all m. Therefore we can 
assume 00 ^ V^. Let ui,...,Uq be all elements of V. By Lemma 2.9, we can assume 
there is a periodic point 7 G ii' of exact period at least 3 and the orbit of 7 does 
not contain Ui for 1 < i < q. Hence there is a finite set of primes T such that: 

(4) / e ^p [X] and vp{u, - f"\j)) = Vm > VI < i < g Vp ^ T. 
Now by Lemma 2.11, there are infinitely many primes p ^ T such that: 

(5) Vp{f'^{a) — 7) > for some ^J- — t^p 

Fix any p ^ T that gives (5), write fi ^ Up. Thus Wp(/™(a) - /""^(7)) > for 
every m> 11. Together with (4), we have Wp(/™(Q;) — Ui) = for every m > fj. and 
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!<«<'?• This implies that V does not intersect the p-adic closure of the /-orbit 
of a. D 

Now we have all the results needed to prove Theorem 2.5: 
Proof of Theorem 2.5: By Lemma 2.9, we can replace if by a finite extension so 
that y is a finite set of points in (pi)"(X). 

For part (a) , note that if P is (ys-preperiodic then there is nothing to prove, hence 
we can assume P is wandering. Write P — (ai, . . . , a„), without loss of generality, 
we assume ai is wandering with respect to /. Let U denote the finite subset of 
¥^{K) consisting of the first coordinates of points in V. There is the largest A^ such 
that f^ {a) € U . We simply replace P by (^^"'"^(a) and assume the /-orbit of a 
does not contain any element of U . Then our conclusion follows from Lemma 2.12. 

Part (b) follows easily from part (a). As before, we can assume P is not prepe- 
riodic, hence there is the largest TV such that ip^ {P) G V{K). Replacing P by 
ip^'^^{P), we can assume that V{K) n 0^{P) = 0, then part (a) implies 

v{K, s) n c{o^{P)) = = v(K) n o^p). 

For part (c), we first consider the case Lo/oL^^ = X'^ for some linear poly- 
nomial L S ^[-'f]- By extending K, we may assume L G if [-'f]- Since L yields a 
homeomorphism from '¥'^{Kp) to itself for almost all p, we may assume f{X) — X"^. 
As before, we can assume the first coordinate ai of P is wandering and its orbit 
does not contain any element of U . This latter condition is actually redundant since 
V is </?-preperiodic, hence U only consists of /-preperiodic points. For almost all p, 
the first coordinates of points in the <y9-orbit of P is a p-adic unit. Therefore we can 
exclude from V all the points having first coordinates or oo, hence U C Gni(if). 
Let p be a prime not dividing d such that ai and all elements of U are p-adic units. 
We now apply Theorem 2.10 for ^ = Gm over ff^, y = U C Gni(i^p), the self-map 
being the multiplication-by-d map, and the orbit of ai. Since the p-adic closure of 
the orbit of ai does not intersect U(Kp), the p-adic closure of P does not intersect 

For the case L o f o L ^ = ±Cd{X), we use the self-map of (P-'^)" given by: 

[Xi,. .. ,Xn) ^ {xi-\ ,...,X„ H ) 

X^ Xji 

to reduce to the case that / is conjugate to ±X'^ which has just been treated. This 
finishes the proof of Theorem 2.5. 

2.3. The Medvedev-Scanlon Theorem. Throughout this subsection, let F be 
an algebraically closed field of characteristic 0, and n > 2 a positive integer. Based 
on earlier work of Chatzidakis, Hrushovski and Peterzil [CHP02], Medvedev [Med] 
shows that for a rational map / € F{X) of degree d > 2, the associated self-map 
of Pp is disintegrated if and only if / is not conjugate to X'^, ±Cd{X) or Lattes. 
For the notion of a disintegrated self-map of a variety over F, we refer the readers 
to [MS13]. Roughly speaking, a self-map of P]^ is disintegrated if every periodic 
subvariety of (Pp)" under the corresponding split self-map is given by equations 
each of which only involves two variables. When / is a polynomial, Ritt's theory 
of polynomial decomposition allows one to describe all the periodic curves in (P^)^ 
under (/,/). This leads to the following theorem of Medvedev-Scanlon [MS13, p. 
5] which is a crucial ingredient in our paper: 
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Theorem 2.13. Let f G F[X] be a disintegrated polynomial of degree d > 2, let 
n > 2 and let cp ^ {f, ..., /) : (F^)" — ;■ (P^)". Let V be an irreducible (f -invariant 
(respectively if -periodic) subvariety in (P^)". For 1 < i < n, let Xi be the chosen 
coordinate for the i*^ factor of (P^)" (see the last paragraph of Section 1). Then V 
is given by a collection of equations of the following types: 

(A) Xi — Q where Q is a fixed (respectively periodic) point of f. 

(B) Xj ~ g{xi) for some i ^ j , where g is a polynomial commuting with f 
(respectively an iterate of f). 

We could further describe all the polynomials g in type (B) of Theorem 2.13 as 
follows. 

Proposition 2.14. Let F and f be as in Theorem 2.13. We have: 

(a) If g & F[X] has degree at least 2 such that g commutes with an iterate of 
f then g and f have a common iterate. 

(b) Let M{f°°) denote the collection of all linear polynomials commuting with 
an iterate of f . Then M{f°^) is a finite cyclic group under composition. 

(c) Let f G F[X] be a polynomial of lowest degree at least 2 such that f 
commutes with an iterate of f. Then there exists D ^ Df > relatively 
prime to the order of M{f°°) such that foL = L^ of for every L G M{f°°). 

(d) |/" oL: TO > 0, Le M(/°°)| = |l o /™ : to > 0, L G M(/°°) V and 
these sets describe exactly all polynomials g commuting with an iterate of 
/• 

Proof By Lefschctz principle, we may assume F — C Part (a) is a well-known 
result of Ritt [Rit23, p. 399]. For part (b), let E/ denote the group of linear 
fractional automorphism of the Julia set of /. It is known that Ey is finite cyclic 
[SS95]. Therefore M(/°°), being a subgroup of E/ is also finite cyclic. By part (a), 
/ and / have the same Julia set. Therefore Ey = Er. By [SS95], there exists D 
such that f o L — L^ o f for every L G E/ = E r. To prove that D is relatively 
prime to the order of M{f°°), we let L denote a generator of M{f°°), and A^ > 
such that L o f^ = f^ o L. Hence L o f^ — L^ o f^. The last equality implies 
D^ — 1 is divisible by the order of M{f°°) and we are done. 

It remains to show part (d). The given two sets are equal since D"* is relatively 
prime to the order of M(/°°) for every to. > 0. It suffices to show if 5 G -FiA], 
deg{g) > 1 and g commutes with / then g has the form /™ o L. Let (p = (/, /) be 
the split self-map of (fp)^- Now the (possibly reducible) curve V in (Fp)^ given 
by f{y) = g{x) satisfies (f^{V) C V for some M > 0. Therefore some irreducible 
component C of T^ is periodic. By Theorem 2.13, C is given by y = i^{x) or 
X = "^(y) where ■0 commutes with an iterate of /. Therefore one of the following 
holds: 

(i) /o-0 = 5 
(ii) gotl; = f 

Since deg(g) > deg(/) by the definition of /, case (ii) can only happen when 
deg{g) = deg(/) and ip G M{f°°). If this is the case, we can write (ii) into 
g = f o {'ip)~^. Thus we can assume (i) always happens. Repeating the argument 
for the pair (/, i/;) instead of {f,g), we get the desired conclusion. D 
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Remark 2.15. Proposition 2.14 follows readily from Ritt's theory of polynomial 
decomposition. The proof given here uses the Medvedev-Scanlon description in 
Theorem 2.13 and simple results from complex dynamics. In fact, in an upcoming 
work, we will study and give examples of a lot of rational (and non-polynomial) 
maps / such that Theorem 2.13 is still valid. Then an analogue of Proposition 2.14 
(especially part (d)) still holds by exactly the same proof. 

We conclude this section with a particularly useful property of preperiodic sub- 
varieties of {¥p)". Let /, n and (p be as in Theorem 2.13. Let V be an irreducible 
(/^-periodic subvariety of (Pp)". We will associate to V^ a binary relation -< on 
/ = {l,...,n} as follows. Let ly denote the set of 1 < i < n such that V is 
contained in a hypersurface of the form Xi ~ ( where C is a periodic point. The 
relation ~< is empty if and only ii ly — I (i.e. V^ is a point). For every i G I — ly , 
we include the relation i ^ i. For two elements i =^ j in / — /y, we include the 
relation i ^ j if T^ is contained in a hypersurface of the form Xj = g{xi) where g is 
a polynomial commuting with an iterate of /. We have the following properties: 

Lemma 2.16. Notations as in the last paragraph. Let 1 < i,j,k < n. We have: 

(a) Transitivity: if i ~< j and j ~< k then i ^ k. 

(b) Upper chain extension: if i < j and i ~< k then either j ^ k or k ~< j . 

(c) Lower chain extension: if i ^ k and j ^ k then either i ^ j or j ~< i. 

Proof. We may assume i, j, and k are distinct, otherwise there is nothing to prove. 
Part (a) is immediate from the definition of -<. For part (b), we have that V is 
contained in hypersurfaces Xj — gi{xi) and Xk — g2{xi). By Proposition 2.14, we 
may write gi = ga o 52 or 52 = <73 o gi for some gs commuting with an iterate of /. 
This implies k < j or j <k. 

Now we prove part (c). Let tt denote the projection from (P^)" onto the (i, j, fc)- 
factor (P^)'^. We have that it{V) is an irreducible (/, /, /)-periodic curve of (P^)^ 
contained in the (not necessarily irreducible) curve given by Xk — gi{xi) and Xk — 
92{xj) (note that we must have dim(7r(y)) > since i, j, k ^ ly). Now we consider 
the closed embedding: 

defined by r]{yi,yj) = {yi,yj,gi{yi))- Now r]-'^{Tr{V)) is an irreducible (/,/)- 
periodic curve of (P)^)^ whose projection to each factor Pi is surjectivc since 
i,j ^ Ly. Therefore ?7"H'^(^)) is given by either yi = gsiyj) or yj = gsiyt) 
for some 33 commuting with an iterate of /. This implies either j ^ i or i ~< j. D 

A chain is either a tuple of one element (i) where i ^ ly (equivalently i ~< i), or 
an ordered set of distinct elements ii ^ i2 ^ ■ . ■ ^ ii- If T = (ii, . . . , i/) is a chain, 
we denote the underlying set (or the support) {ii, . . . ,ii} by s{l). Note that it is 
possible for many chains to have a common support, for example if V is contained 
in Xj = g{xi) where g is linear then both {i,j) and {j,i) are chains. By Lemma 
2.16, if I is a chain, i G / and z -< j or j ^ i for some j (z T then we can enlarge X 
into a chain whose support is s(X) U {i}. We have that there exist maximal chains 
Ii, . . . ,2i whose supports partition I — Ly. Although the collection {Ii , . . . , Z/ } is 
not uniquely determined by V , the collection of supports {s(Zi), . . . , s(I/)} is. To 
prove these facts, one may define an equivalence relation w on I — Ly hy i ~ j ii 
and only if i ^ j or j -< i. Then it is easy to prove that {s(Ii), . . . , s{Ii)} is exactly 
the collection of equivalence classes. 
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For an ordered subset J of /, wc define the following factor of (P^)": 

For a collection of ordered sets Ji, . . . , J/ whose underlying (i.e. unordered) sets 
partition /, we have the canonical isomorphism: 

(pi)" = (pi)"'i X ... X (pi)"''. 

We now have the following result: 

Proposition 2.17. Let f and ip be as in Theorem 2. IS. Let V be an irreducible 
(fi-preperiodic subvariety of (Fp)". Assume that dim(y) > 0. Let I = {1, . . . ,n}, 
and let ly denote the set of all i 's such that V is contained in a hypersurface of the 
form Xi = <^i where Q is f -preperiodic. We fix a choice of an order on ly , write 
I — dim(y). There exist a collection of ordered sets Ji,..., J/ whose underlying 
sets partition I — Ly such that under the canonical isomorphism 

(pi)" = (pi)^^ X (pi)^i X ... X (pi)^', 

we have: 

y = iY{ iCi}) xVix...xVi 

ieiv 
where Vk is an (/,..., f) -preperiodic curve of (P^)'^'' for 1 < k < I. 

Proof There exists m such that (p™{V) is periodic. The conclusion of the Propo- 
sition for ip^'^{V) will imply the same conclusion for V, hence we may assume V is 
periodic. We associate to V a binary relation ^ on / as before. Then there exist 
maximal chains Ii, . . . ,Z/ whose supports partition I — Ly- We now take Jk = Tk 
for 1 < fc < L D 

2.4. Proof of Theorem 2.7. Let / G K[X] be a disintegrated polynomial of 
degree d > 2. By Theorem 2.13, for every preperiodic hypersurface H of (P)^ )", 
there exist I < i < j < n such that H = tt~^{C) where w denotes the projection 
onto the (i,j)-factor and C is an (/, /)-preperiodic curve of (P)^)^. Therefore it 
suffices to prove Theorem 2.7 when V is a curve. 

Let if, y and P e {¥^y{K) such that V{K) f] 0^{P) = and dim(y) = 1 as 
in Theorem 2.7 and the discussion in the last paragraph. Let / and Ly be as in 
Proposition 2.17. Let /, M{f°°), and D = Dj he as in Proposition 2.14. Now 
we prove that there are infinitely many primes p of _ftr such that V{Kp) docs not 
intersect the p-adic closure of 0^p{P). By Lemma 2.9, we can assume / and all 
elements in M{f°°) have coefficients in K. 

Step 1: We first consider the case V is periodic. 

Step 1.1: we assume that Ly = 0. By Theorem 2.13, Proposition 2.17 and the 
discussion before it, we can relabel the factors of (P^)" and rename the coordinate 
functions of all the factors as x, yi, . . . , y„_i such that V is given by the equations: 
Vi — 9i{^) for 1 < z < n— 1, where gi commutes with an iterate of / for 1 < i < n — 1 
and deg(5i) < . . . < deg(.g„_i). Write P = (a, 6i, . . . , 6„_i). 

Step 1.1.1: we consider the easy case that a is /-preperiodic. Replacing P by 
an iterate, we can assume that a is /-periodic of exact period A^. The </?-orbit of P 

is: 

{(r (a), r+*^(6i), . . . , r+*^(6„_i)) ■. t>0,0<i<N). 
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Since this orbit docs not intersect V{K), we have 

(6) yt>0y0<i<N31<j<n-l {f+'^{bj) ^ 9j{f{a))) . 

For each < i < A^ and 1 < j < n - 1, denote B^.J = {fy\{gj{f{a))}). 
Denote 

B= [j B,^i X ... X B^^n-l 
0<i<N 

which is a finite set of (preperiodic) points of (P^)"^^. Let 6 = (6i, . . . , 6„_i) and 
let (j) denote the self-map (/,...,/) of (pi)"-^ By (6), we have 0*^(6) ^ B for 
every t > 0. By Theorem 2.5, there exist infinitely many primes p such that the 
p-adic closure Cp of {0*^(6) : i > 0} does not intersect B. For each such p, the 
p-adic closure of the orbit of P lies in: 

U {f{a)}xcb\Cp) 

a<i<N 

which is disjoint from V{Kp). 

Step 1.1.2: we turn to the most difficult case, namely a is a wandering point 
of /. By Proposition 2.14, write f = pi o f^ for some integer A > 1 and linear 
Pi e M{f°^). Since D is relatively prime to |M(/°°)|, there is p2 G M{f°°) such 
that / ~ if ° P2)^- Replacing / by f o p2, we may assume f ^ f^- For each 
^ < j < n — 1, write gj = Lj o /"^ . 

For almost all p , we have Vp (/" (a) ) > for every n > 0. If for some 1 < j < n—l, 
bj — cxD then for almost all p, the p-adic closure of the orbit of P lies in: 

{(x,2/i,...,2/j_i,oo,yj+i,...,y„_i) : x e Kp, Vp{x) > 0} 

which is disjoint from V{Kp). So we can assume bj ^ cxd for every 1 < j < n — 1. 

By taking a finite extension of K if necessary, we choose an /-periodic point 
"f £ K oi exact period A^ > 3 such that every point in the /-orbit of 7 is not a zero 
of the derivative f'{X) of f{X). By Lemma 2.11, there is an infinite set of primes 
R such that for every p G -R, all of the following hold: 

(7) a, 61, ... , bn-i e ^p, in other words P G A"((^p) 

(8) t'p(/'(r(7)))-0V0<*<iV 

(9) /j .f J -^ij • • • J Ln^i are in i)'p [X] and their leading coefficients are p-adic units 

(10) Wp(/^(a) - 7) > for some p. = Pp. 

In fact, for 1 < / < n — 1, the leading coefficient Cj of Lj is a root of unity and 
/ — f is an iterate of /, hence the conditions on Cj and / in (9) are redundant. 
Now fix a prime p in i? and write p — pp, we still use V to denote the model 
yj ~ Lj o /'"^(x)Vj over ffp, hence it makes sense to write V{ffp) and V{kp). We 
also use P, and ip to denote the corresponding models over (7p. Replacing P by 
ip^iP) and 7 by f^^~^{'^) if necessary, we can assume that Vp{a — 7) > 0. This 
gives that a is /-periodic, hence /-periodic, modulo p and: 

(11) VpCfia) - /'(7)) > and Vp{f'Cf{a)) - /'(/'(7))) > VI > 
The second inequality in (11) together with (8) give: 

(12) VpCn~f{a)))=Qyi>Q 
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By (12) and induction, we have: 



(13) «p((/')'(/'(a))) = V; > Vfc > 



Since / — f"^, identity (13) implies: 

(14) t'p((/')'(/'(a)))-OV/>OVfc>0 

Since the (^-orbit of P lies in A"(if?'p) which is closed in (P^Y^Kp), it suffices to 
show that V{^p) does not intersect the p-adic closure of the (^-orbit of P. Assume 
there is 77 such that the mod p reduction (p^{P) lies in V{kp), otherwise there is 
nothing to prove. After replacing P by ip^(P), we can assume ry = 0, or in other 
words P G V{kp). This means 

(15) Vp{bj - Lj o /"^ (a)) > VI < j < n - 1. 

Note that / o L = L^ o /, and L has finite order, therefore (15) together with the 
/-periodicity mod p of a give that bj is /-preperiodic, hence /-preperiodic, mod p 
for 1 < j < n ~ I. Therefore P is (yj-preperiodic mod p. 

Inequality (15) shows that: 

(16) vpiribj) - Pf o /'+"^ (a)) > V; > VI < j < n - 1. 
Our next step is to show: 

(17) Mf'iLf' o /'+"^ (a))) = VZ > VI < j < n - 1 

Recall that Cj denotes the leading coefficient of the linear polynomial Lj, we have: 

(18) (/ o if o /".+')'(«) = (Lf +^r^+'+i)'(a) = cf^\n+'+'na) 

and 

(19) (/ o Lf o ,n+'y{a) - f{Lf o n+\a))cf' Cn+')'{a) 
Since Cj is a p-adic unit, (18) and (19) imply: 

(20) Vp{{n+'+')'{a)) = VpifiPf o n+\a)){n+'y{a)) 
Now (17) follows from (13), and (20). By (16) and (17), we have: 

(21) VpififHbj))) = V; > VI < J < n - 1 
By (21) and induction, we have: 

(22) MifYif'ibj))) = V/ > V/c > VI < j < n - 1 
Since / — f^, identity (22) implies: 

(23) MifYif'^ibj))) = VZ > V/c > VI < j < n - 1 

Now (14) and (23) show that the (^p-morphism ip is etale at every ^p-valued 
point in the orbit of P. Together with the fact that P is preperiodic mod p, we 
can apply Theorem 2.10 to get the desired conclusion. This finishes the case V is 
periodic and ly = 0- 

Step 1.2: assume that ly ^ 0- Let n and tt' denote the projection from (P)^-)" 
onto {P^y^ and (pi)^^-^^, respectively. By Proposition 2.17, V = ni{V) x 7r2(V) 
where Z := 7ri(y) is a periodic point of (P^)^^. Write W = 7r2(y). By Step 1.1, 
the conclusion of Theorem 2.7 is valid for W. Let (pi and (^2 respectively denote 
the diagonally split self-map of (P-'^)-'^^ and (P^)^^^^ associated to /. 
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Step 1.2.1: assume there is the largest A^ such that ip^ {tti{P)) = Z. Replace 
P by (/3^+^(P), we can assume that the cpi-orbit of 7ri(P) does not contain Z. By 
Theorem 2.5, there exist infinitely many primes p such that the p-adic closure Cp 
of 0^^{tti(P)) does not contain Z. For each such p, the p-adic closure of 0^p{P) is 
contained in Cp x (P^)-^^^^ (Kp) which is disjoint from V{Kp). 

Step 1.2.2: now assume (p"(7ri(P)) = Z for infinitely many n. This implies that 
Z is periodic and tti{P) is preperiodic. Replacing P by an iterate, we may assume 
7ri(P) = Z. Let N denote the exact period of Z. Since Oip{P) does not intersect 
V, we have that 0^n{it2{P)) does not intersect W. By Step 1.1, the theorem holds 
for W. Hence there exist infinitely many primes p such that the p-adic closure Cp 
of 0^n{tt2{P)) does not intersect W{Kp). For each such p, the p-adic closure of 
0^{P) is contained in: 

/N-l \ 



U {^\{Z)}x{Fy-'^Kp)]u{Z}xCp 



\ i=l / 

which is disjoint from V{Kp). This finishes the case V is periodic. 

Step 2: assume V is preperiodic and not periodic, hence there exist fc > and 
M > such that ip''+'^\V) = ip''{V). For < i < M, write V^ = (/?*=+' (F). Then 
we have that Vi is periodic for every < i < M. 

Step 2.1: assume ly — 0- As in Step 1.1, we can relabel the factors of (P^)" and 
rename the coordinate functions into x, j/i, . . . ,yn-i so that for each < i < M, 
the periodic curve Vi is given by equations yj — gi_j{x) for 1 < .? < jt. — 1, where 
gij commutes with an iterate of / and <leg(gi^i) < . . . < deg(5i^„_i). 

Since V is not periodic, V and Vi are distinct curves, hence V DVi is a finite 
set of points for every < « < M. By Lemma 2.9, we extend K such that P^{K) 
contains the coordinates of all these points. 

Now we assume that for almost all p, the p-adic closure of 0^p{P) intersects 
V{Kp) and we will arrive at a contradiction. Because Vo — (f^{V), for every such p, 
the p-adic closure of 0^{P) intersects Vb(i^p). Since Vb is periodic, the conclusion 
of Theorem 2.7 has been established for Vq. We must have that Vq{K) contains 
an element in the orbit of P. By ignoring the first finitely many elements in that 
orbit, we may assume P £ Vo{K). Then we have (p*+*^(F) G Vi{K) for all t > 0, 
< i < M . Let a denote the x-coordinate of P. For each < i < M, let 
Tii ~ \V C\ Vi\, and let Ui^i, ...,Ui.„. denote the x-coordinates of points in T^ n Vi. 
Since Vi is defined by j/j = gi{x) for 1 < j < n — 1, every point on Vi is uniquely 
determined by its x-coordinate. Since the orbit of P does not intersect V{K), we 
have: 

r+*^(a) i {^i,,i, . . . ,^i,,„J Vi > 0, vo < i < M. 
Write A^ IJ {ry^{{u,^i, . . . ,w»,„J). We have that f^a) i A for all t > 0. 

0<i<M 

By Theorem 2.5, there exists infinitely many primes q such that the q-adic closure 
Cq of {f*^{a) : i > 0} does not intersect A. Now the q-adic closure of the orbit 
of P is contained in: 

U (y,(i^q)n{(x,yi,...,2/„_i)e(pi)«(i^q): xefiC,)}) 

0<i<M 



DYNAMICS OF DIAGONALLY SPLIT POLYNOMIAL MAPS 15 

which is disjoint from V{Kc^). This gives a contradiction and finishes the case 
/y = 0. 

Step 2.2: assume ly ^ 0- We can reduce to Step 2.1 in exactly the same way 
we reduce Step 1.2 to Step 1.1. This finishes the proof of Theorem 2.7. 

2.5. Proof of Theorem 2.8. In this subsection, we prove Theorem 2.8 by using 
induction on n. The cases n G {1,2,3} or dim(F) S {0,1, n — 1} have been 
estabhshed by Theorem 2.5 and Theorem 2.7 even without the extra technical 
assumption of Theorem 2.8. Now assume N > 3 and Theorem 2.8 holds for all 
1 < n < A^, we consider the case n = N. We may assume dim(F) > 1. As in the 
proof of Theorem 2.7 in the last subsection, we can assume /y = and deduce the 
more general case in exactly the same way. 

Step 1: assume V is periodic. By Theorem 2.13, there exist 1 < i < j < n such 
that the image tt{V) of V under the projection 

tt: (Pi)" ^ (Pi)2 

onto the (i,j)-factor is aperiodic curve. We may assume (i,j) = (1,2). li'K{0^{P)) 
does not intersect Tr{V){K) then we can apply the induction hypothesis. Otherwise, 
by ignoring the first finitely many elements in the orbit of P, we may assume 
tt{P) G Tr{V)iK). 

Since ly = 0, we may assume niV) is given by the equation X2 = g{xi) where 
g commutes with an iterate of / (the case xi = g{x2) is similar). Our technical 
assumption gives that g commutes with /. We consider the closed embedding: 

defined by e(2/i, . . . ,y„_i) = {yi,g{yi),y2, ■ ■ ■ ,yn-i)- By pulling back under e, we 
reduce our problem to the subvariety (P^)"^^ and apply the induction hypothesis. 
This finishes the case V is periodic. 

Step 2: assume V is preperiodic and not periodic. Write S = dim(y). By 
Proposition 2.17 and without loss of generality, there exist uiq = < mi < m2 < 
. . . < ms — n such that F = Ci x C2 x . . . x C5 where each d is an (/,..., /)- 
preperiodic curve of (pi)™i-™i-i for 1 < « < (5. For 1 < i < 5, let tt^ denote the 
corresponding projection from (P^)" onto (pi)™i-™i-i^ and let ipi denote the self- 
map (/,...,/) of (pi)™i-™i-i. If p is preperiodic then there is nothing to prove, 
hence we may assume P is wandering. Without loss of generality, we assume tti (P) 
is (^i-wandering. 

Step 2.1: assume C'l is not (/3-periodic (recall that it is preperiodic). Then the 
set 

IJCin^KCi) 

j>0 

is finite. Since tti{P) is wandering, there are only finitely many j's such that 
ip'[{TTi(P)) is contained in Ci{K). Ignore finitely many points in the orbits of P, 
we may assume that the (/3i-orbit of tti{P) does not intersect Ci{K). Then we can 
apply the induction hypothesis for the data ((P^)™i, (/3i,7ri(P), Ci). 

Step 2.2: assume Ci is (/^-periodic. If the </?i-orbit of 7ri(P) does not intersect 
Ci{K) then we can apply the induction hypothesis as above. So we may assume 
some element in this orbit is in Ci{K). Replacing P by an iterate, we may assume 
7ri(P) G Ci{K). Since ly = 0, the curve Ci is not contained in any hypersurface of 
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the form Xj =7. By Proposition 2.17 and the discussion before it, we know that Ci 
is either P^ if mi = 1 or is given by equations of the form (after possibly relabehng 
the variables xi,...,Xmi)- X2 = giixi), X3 = 52(2:1), • . ., Xmi = gmi-iixmi~i), 
where each gj commutes with an iterate of /. By our technical assumption, every 
gj commutes with /. Hence Ci is (^i-invariant, and we have 7ri((^ (P)) G Ci(K) 
for every I > 0. Let P' denote the image of P under the projection from (P^)" to 
(pi)m2-mi X ... X (pi)™^-™^-i. We now apply the induction hypothesis for the 
data: 

((Pl)"-™S^2 X ... X (^,,^2 X ... X Cs,P'). 

This finishes the proof of Theorem 2.8. 

2.6. Proof of Theorem 2.6 when V is a hypersurface. We first consider the 
case (7 o / o cr^i ~ X'^ for some a G Aut(P^). By extending K, we may assume 
a € K[X]. For almost all p, a induces a homeomorphism from {¥^)"{Kf) to itself. 
Hence we can assume f{X) ~ X'^. Since the conclusion of Theorem 2.6 is for 
almost all p, we can assume V is an absolutely irreducible preperiodic hypersurface 
defined over K. 

First, assume there exists \ < i < n such that V is given hy Xi — or Xi — 00. 
By the automorphism X ^^ X^^ and without loss of generality, we may assume V 
is given by xi — 0. Let a denote the first coordinate of P, since the orbit of P does 
not intersect V{K), we have a 7^ 0. For almost all p, the p-adic closure of the orbit 
of P lies in: 

{(xi,...,x„)G(pir(Xp): Vp{xi)^Q} 
which is disjoint from V{Kp). 

Therefore, we may assume V n GJJ^ 7^ 0. It is not difficult to prove that V n GJ^ 
is a translate of a subgroup of codimension 1, see [Zanl2, Remark 1.1.1]. We now 
denote the coordinate of each factor ¥^ as xi, ...,Xg, yi,...,yr and zi, ...,Zs (hence 
q + r + s = n) such that V is given by an equation: 

Xi ...Xg' ^ QVi ....y/ , 

where ai,...,br are positive integers, and (^ is a root of unity. Actually, for V to 
be preperiodic, we have ("^ = (^"^ for some < ^ < P; but we will not need this 
stronger fact. Write P under the corresponding coordinates as: 

P= (ai,...,ag,/3i,...,/3r,7i,...,7s). 

Assume some elements among the ai, ..., Pr are either or 00, say, we have ai = 0. 
Then each irreducible component of the intersection V D {xi = 0} has the form 
{xi = OAxi = 00} ior 2 < i < q, or the form {xi = A y^ =0} for some 1 < j < r. 
Thus the coordinates of P satisfy: 

{a^^oo\/2<i<q)A {Pj 7^ VI < j < r). 

For every prime p, let Wp(oo) = —00 (warning: the 00 on the left is an element of 
P^ {K) while the 00 on the right is an element of the extended real numbers) . For 
almost all primes p, the p-adic closure of the orbit of P is contained in: 

{(0,X2,...,Z,): v^{Xi)>0, v^{Yj) <0-i2 <i < q-il < J <r} 

which is disjoint from V{K^). The case, say, ai = cx) is treated similarly. 
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Now we can assume that all the ai, ...,/3r lie in G-miK). Let 

Since the </?-orbit of P docs not intersect V{K), we have that the /-orbit of 77 does 
not contain (. For almost all p, we have rj is a p-adic unit. By Theorem 2.10, for 
almost all p, the p-adic closure Cf{ri) of the orbit of rj docs not contain (. Now the 
p-adic closure of the orbit of P lies in 

{(Xi,...,Z,): X^^.Y-'-eC^iv)} 

which is disjoint from V{Kp). This finishes the case / is a conjugate of X'^. 

Now we assume / is a conjugate of ztCd{X). As before, we may assume f(X) = 
±Cd{X). Let / ~ zbX'', and ip be the diagonally split morphism corresponding /. 
Consider the morphisms: 



$: (xi,...,x„) h-> xi H , 

Xl 






from (F^)" to itself. We have the commutative diagram: 



l\n 



r) 



{¥^y 



(-pi)r 



{¥^y 



Extend K further, we may assume there is Q G {V^)'^{K) such that $((5) = P- 
Write V = $~^(F). We have that the $-orbit of Q does not intersect V{K). 
Note that the conclusion of the theorem has been established for /. Therefore, 
for almost all p, the p-adic closure of 0,p{Q) does not intersect V{Kp). Since $ is 
finite, it maps the p-adic closure of Of,{Q) onto the p-adic closure of Otp{P). We 
can conclude that the p-adic closure of 0^p{P) does not intersect V{Kp). 

2.7. Proof of Theorem 2.6. As in Subsection 2.6, we first consider the case / 
is conjugate to X'^, and then we may assume f{X) = X"^. By Theorem 2.5 and 
Subsection 2.6, we have that Theorem 2.6 is valid when n = 1,2. We proceed by 
induction on n. Let N > 3 and assume that Theorem 2.6 holds for all n < A^, we 
now consider the case n = N. As in Subsection 2.6, we assume V is an absolutely 
irreducible preperiodic subvariety defined over K. 

We first consider the case V is contained in a hypersurface of the form Xi — 
or Xi = cxD for some 1 < i < n. Without loss of generality, we may assume V is 
contained in the hypersurface xi = 0. Let a denote the first coordinate of P. If 
a ^ then for almost all p, p-adic closure of the orbit of P is contained in: 



{(^1 



i) : Wp(xi) = 0} 



which is disjoint from V{Kp). Hence we assume a = 0. We now restrict to the 
hyperplane xi = and apply the induction hypothesis. 

Therefore we may assume T^flGJJj j^ 0. Write P = (ai, . . . , a„). We first consider 
the case P ^ GJJj. Without loss of generality, assume ai = 0. We can again restrict 
to the hypersurface xi = and apply the induction hypothesis. 
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Now consider the case P G GJ^. For almost all p, the p-adic closure of the orbit 
of P lies in: 

(xi, . . . , x„) e (Pi)"(ifp) : Vp{x,) = VI < i < n} 

which is closed in both (P^)"(iirp) and 'G'^{Kp). Hence it suffices to show that for 
almost all p, the p-adic closure of 0^{P) in (GJ5,(-ft'p) does not intersect {V\^<G^){Kp). 
This follows from the main result of [AKN+, Theorem 4.3]. 

3. Dynamical Bombieri-Masser-Zannier Height Bound 

3.1. Motivation and Main Results. Our original motivation comes from the 
following: 

Question 3.1 (Lang, Manin-Mumford). Let X he an abelian variety or the torus 
G"j overC Let C be an irreducible curve in X . Assume C is not a torsion translate 
of a subgroup. Is it true that there are only finitely many torsion points on C? 

This question has an affirmative answer. When X is an abelian variety, it is a 
special case of the Manin-Mumford conjecture first proved by Raynaud [Ray83]. 
When X = GJ^, it is a special case of a question of Lang stated in the 1960s (see, 
for example, [Lan83]) which admits many proofs as well as generalizations. A naive 
dynamical analogue of Lang's question for the dynamics of split polynomial maps 
could be the following: 

Question 3.2. Let f G C[X] be a polynomial of degree at least 2, and let Lp : 

(Pp)^ — > (Pc)^ ^^ ^^^ corresponding split polynomial maps. Let C be an irreducible 
curve in (P^)^ such that C is not preperiodic. Ls it true that C can only contain 
finitely many preperiodic points ? 

The full dynamical analog of the Manin-Mumford conjecture (Raynaud's theo- 
rem) has been proposed by Zhang [Zha06] and Zhang-Ghioca- Tucker [GTZll]. By 
using Zhang's method [Zha92], Mimar [Miml3] shows that Question 3.2 has an 
affirmative answer when C is the graph of a function from P-'^ to itself. 

On the other hand, among vast generalizations of Lang's question, we have the 
following theorem of Bombieri, Masser and Zannier [BMZ99, Theorem 1]: 

Theorem 3.3 (Bombieri, Masser, Zannier). Let C he an irreducible curve in GJJ^ 
defined over a number field K such that C is not contained in any translate of a 
proper subgroup. Then 

(a) Points in \\(C{K)r\V{K)) have bounded height, where V ranges over all 

V 

subgroup of codimension 1. 

(b) The set \\{C{K) n V{K)) is finite, where V ranges over all subgroups of 

V 
codimension 2. 

Questions 3.1, 3.2 and part (b) of Theorem 3.3 are instances of unlikely intersec- 
tion. Very roughly speaking, when two objects that are not expected to intersect 
happen to intersect "a lot" , then there has to be an explanation coming from the 
geometric structure of these objects. For more details, including an extensive sur- 
vey of recent developments on unlikely intersection in diophantine geometry, we 
refer the readers to Zannier's book [Zanl2] and the references there. Our main 
result is the dynamical analog of part (a) of Theorem 3.3 for the dynamics of split 
polynomial maps: 
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Theorem 3.4. Let K be a number field or a function field. Let f G -R'i^] be 
a disintegrated polynomial, and ip : (P}f )" — > (IP/f )" be the corresponding split 
polynomial map. Let C be an irreducible curve in (P^)" that is not contained in 
any periodic hypersurface. Assume C is non-vertical, by which we mean C maps 
surjectively onto each factor V^ of (P"'^)". Then the points in 

\JiCiK)nviK)) 

V 

have bounded Weil heights, where V ranges over all periodic hypersurfaces o/(P]^)". 

Recall our convention that although a hypersurface is not necessarily irreducible, 
it is assumed to be equidiniensional. Hence it makes no difference if we impose the 
extra condition that V is irreducible in Theorem 3.4. 

On the one hand, the conclusion of Theorem 3.4 is an interesting result on its 
own. On the other hand, note that Bombieri, Masser and Zannier prove part 
(b) of Theorem 3.3 by using part (a) combined with certain results involving the 
Lehmer's conjecture [BMZ99]. Therefore, one might hope to somehow use results 
like Theorem 3.4 as a first step in the resolution of Question 3.2. 

We expect Theorem 3.4 still holds in the non-preperiodic case: C is assumed to be 
not contained in any preperiodic hypersurface, and V ranges over all preperiodic 
hypersurfaces. However, we could only prove a bound on the "average height" 
of points in the intersections (see Theorem 3.12). In fact, such bound on the 
average height turns out to hold for a more general polarized dynamical system 
(see Theorem 3.13). We prove this general result by using various constructions of 
heights and canonical heights coming from Gillet-Soule generalization of Arakelov 
intersection theory (see [BGS94], [Zha95], and [Kaw06]). 

In fact, part (a) of Theorem 3.3 is only the beginning of a long and unfinished 
story. Subsequent papers by various authors have considered bounded height results 
for higher dimensional complementary intersections in the torus GJJi or an abelian 
variety. We refer the readers to [BMZ07], [Hab08], and [Hab09] as well as the 
references there for more details. As far as we know, the results given in this 
section are the first to indicate that the above results in diophantine geometry are 
expected to hold, at least to some extent, in arithmetic dynamics. We will treat 
the dynamical analogue of higher dimensional complementary intersections in a 
future work. In this paper, we will be content with intersection between a curve 
and preperiodic hypersurfaces. 

Throughout this section, let / G K[X] be a disintegrated polynomial. We use h 
to denote the absolute logarithmic Weil height on P^(Q). We also use h to denote 
the height on (P^)"(Q) defined by h{ai, . . . , a„) = h{ai) + . . . + h{an)- For every 
polynomial P G K[X] of degree at least 2, we let hp denote the canonical height 
associated to P. We use h to denote the canonical height hf. For properties of all 
these height functions, see [HSOO, Part B] and [Sil07, Chapter 3]. 

3.2. Proof of Theorem 3.4. Since the projection from C to each factor P^ is 
finite, to show that a collection of points in C{K) has bounded heights, it suffices 
to show that for some 1 < i < n, all their a^i-coordinates have bounded heights. By 
the Medvedev-Scanlon Theorem, it suffices to show that for every 1 < z < j < n, 
points in IJ C{K) n Vij (K) have bounded heights where Vij ranges over all periodic 
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hypcrsufaccs whose equation involving Xi and Xj only. Therefore we may assume 
n = 2 for the rest of this subsection. Let x and y denote the coordinate functions on 
the first and second factor P^ respectively. Without loss of generality, we only need 
to consider the intersection with periodic curves V given by an equation of the form 
X — (^ where ( is /-periodic, or y — g{x) where g commutes with an iterate of /. 
Now every periodic C. has height bounded uniformly, we get the desired conclusion 
when intersecting C with curves of the form x = (. Note that this argument also 
works for all preperiodic (.- 

So we only have to consider curves V of the form y = g{x). Let (M, N) denote 
the type of the divisor C of (P^)^. Explicitly, we choose a generator F{x, y) of the 
(prime) ideal of C in K[x,y], then F has degree M in x and degree N in y. We 
have the following two easy lemmas: 

Lemma 3.5. For every point (a, /3) in C{K), we have: 

(24) \Mh{a) - Nh{(i)\ < ci^Jh{a) + h{j3) + l + C2- 
where ci and C2 are constants independent of {a,l3). 

Proof. Let C denote the normalization of C, we have: 

(25) C ^C ^ {¥\f 

where r] is the normalization map and i is the closed embedding realizing C as a 
subvariety of (P)j-)^.The invertible sheaf ^ := (?7oi)*^(l, 1) is ample on C. Let tti 
and TT2 denote respectively the first and second projections from (P]f )^ to Pj^ . The 
invertible sheaves .ifi :— {rjoioiT i)*ff[l) and ^2 '■= {rj oi o tt2)*^{1) have degrees 
N and M, respectively. 

For j = 1, 2, define hj{P) = h{TTj oio ri{P)) for every P e C{K). We also define 
h{P) = h{i o ri{P)) for every P G C{K). Then h, hi and /12 respectively are height 
functions on C{K) corresponding ^, ^i and ^2- By [HSOO, Theorem B.5.9], there 
is a constant ci > depending only on the data (25) such that: 

(26) \Mhi{P) - Nh2{P)\ < ci\Jh{P) + l VP G C{K) 
For every point (a,/3) G C{K), inequality (26) gives: 



(27) \Mh{a) - Nh{(3)\ < ciy/h{a) + h{P) + 1. 

In term of the canonical height function associated to /, inequality (27) becomes: 

(28) \Mh{a) - Nh{(3)\ < ci\J h{a) + h{(i) + I + C2 

where C2 only depends on / and the data (25). D 

Lemma 3.6. Let P G -^[-'f] he a disintegrated polynomial, 'S a finite cyclic subgroup 
of linear polynomials in K[X] such that for some positive integer D, we have PoL = 
L^ o P for every L G ^. We have: 

(a) hp = hj^api for every I > and every L <E '^ . 

(b) hp{L{a)) = hp{a) for every LIE'S and a e ^^{K). 

Proof. Since ^ is finite, there is e such that: 

h{x) - e < h{L{x)) < h{x) + e Vx G i? Vi G ^. 
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For every fc > 1, we have (L o P'-)'' = L o P''' for some i G ^. And we have: 

hiiL o P^)''{x)) ^ h{P^\x)) + 0(1) 

where 0(1) is bounded independently ol k. Dividing both sides by deg(P'^') and 
let fc — > oo will kill off this 0(1). Part (b) is proved similarly. D 

We ean now finish the proof of Theorem 3.4. Let V be given hy y — g{x) 
and (a,/3) be a point in the intersection C r\V . By Lemma 3.6, we have h{f3) — 
deg{g)h{a). Substituting this into (24), we have: 

(29) \M - N deg{g)\h{a) < ci^J{deg{g) + l)h{a) + 1 + C2 

For all suffieiently large deg{g) (for instanee, we may ehoose deg{g) > so 

N deg(g) 
that A^ deg(g) — M > ), inequality (29) implies that h{a) and hence h{a) 

is bounded above by a constant depending only on / and the data (25). Therefore 
by the remark at the first paragraph of this subsection, /i(a, /?) is bounded by a 
constant depending only on / and the data (25). Finally, by Proposition 2.14, there 
are only finitely many such g's of bounded degree, hence only finitely many points 
in the intersection C H {y = g{x)}. This finishes the proof of Theorem 3.4. 

3.3. Further Questions. We now gather several questions concerning the union 
M(0(A') n V{K)) where V ranges over preperiodic hypersurfaces in (P]^)" and 

V 

C is not contained in any such hypersurface. For each fc > 0, let 3^k denote the 
collection of all hypersurfaces V of (F]>.)" such that ^p^{V) is periodic. Thus ^o is 
exactly the collection of periodic hypersurfaces, and we have ^^ C S^k+i for every 
fc. Apply Theorem 3.4 for (p''{C), let F^; denote an upper bound for the /-canonical 
heights of points in 

Using 

/( U {C{K)nv{K)))c U (/(o)(x)nni^)), 

- - p 

we have that points in I J {C{K) n V{K)) have canonical heights bounded by — rr 

where cf > 2 is the degree of /. Heuristically speaking, suppose we could obtain a 
bound in Theorem 3.4 that depends, in a uniform way, on the "complexity" of O, 
and the "complexity" of (p'^{C) is "essentially" the "complexity" of C multiplied 
by d''. Then we have that F^ = d''0{l) where 0(1) is independent of fc. All of 
these motivate the following questions. From now on, we assume A' is a number 
field although the first two questions could be asked for function fields as well: 

Question 3.7. Let f and (p be as in Theorem 3.4- 

(a) Let C he an irreducible non-vertical curve in (P^)". Suppose C is not 
contained in an element of S^^ ■ Is it true that points in 

U iCiK)nviK)) 

have heights bounded independently of k. 
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(b) Let C be an irreducible non-vertical curve in (Pc-)" that is not contained 
in any preperiodic hypersurface. Is it true that points in 



\J{C{K)nvm 



have bounded heights, where V ranges over all preperiodic hypersurfaces of 

(c) Let C be as in part (b). Is it true that the union in (b) have only finitely 
points of bounded degree ? 

(d) Let C be as in (b). Assume C is defined over K . Is it true that the union 
in (b) have only finitely many K-rational points? 

It is obvious that these questions have decreasing strength. From now on, we 
win focus on Question 3.7(b). We now look more closely to the proof of Theorem 
3.4 and see what still go through. Assume /, (/? and C as in part (b) of Question 3.7. 
As before, we can assume V ranges over all irreducible preperiodic hypersurfaces. 
Let fc > such that f^iV) is periodic, hence given by an equation of the form, say, 
Xj — g{xi) where 1 < i < j < n (the case ip''{V) is given by x^ = ^ where C is 
preperiodic is easy). We can now assume n = 2 by projecting to the (i,j)-factor 
(Pi)2 of (Pi)". Let (a,/3) e C{K) n V{K). From /'^(a) = g{f''{P)) and Lemma 
3.6, we still have h{a) — deg{g)/3. Therefore inequality (29) still holds. We still 
have that h{a,l3) is bounded when deg{g) is sufficiently large. Since there are only 
finitely many g's of bounded degrees (see Proposition 2.14), one may assume that 
the periodic hypersurface {xj = g{xi)} is fixed. Our discussions so far implies that 
Question 3.7(b) is equivalent to the following: 

Question 3.8. Let f , (p and C be as in Question 3.7(b). Let W be a fixed irreducible 
periodic hypersurface o/ (P]^)". For k > 0, write (p~''{W) to denote {ip'')~^{W). 
Is it true that points in Ufe>o ^(-^) '"' 'P^''{W){K) have bounded heights? 

For the rest of this paper, we will focus on Question 3.8. We could only prove a 
weaker result, namely points in C{K)ri(p~''{W){K) have bounded "average heights" 
independent of k (see Subsection 3.5). Such result is motivated by examples given 
in the next subsection. 

3.4. Examples. Let /, ip, W and C be as in Question 3.8. We may assume 
n ~ 2 and W is given by y = g{x) where g commutes with an iterate of /. In 
this subsection, we look at the case when C is a rational curve parametrized by 
{P{t),Q{t)) where P and Q are polynomials with coefficients in K. Question 3.8 
asks whether roots oi f^ o Q ~ g o f^ o P have heights bounded independently of 
k. Note that if a is such a root then h{Q{a)) = dcg{g)h{P {a)) by Lemma 3.6. 
Therefore | deg{Q) — deg((7) deg(P)|/i(Q:) is bounded independently of k. Hence if 
deg{g) deg(P) ^ deg{Q) then Question 3.8 has an affirmative answer. For the rest 
of this subsection, we may assume deg(5) deg(P) = deg{Q). 

Since g commutes with an iterate /' of /, we may look at I collections of equations 
of the form 

/«'+'■ oQ^go /'?'+'■ o P = /«' o 5 o /'■ o P for < g, 

for each < r < L Replacing {P,Q) by {g o f^ o P, f^ ° Q), we may assume 
g{x) — X (i.e. Vb is the diagonal), and hence deg(P) = deg{Q). For every fc > 0, 
put Gk ^ f*' °P — f^ °Q. We need to show that roots of Gk have heights bounded 
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independently of k. By making a linear change, we can assume / has the following 
form: 

f(X) = X'' + ad-2X''-^ + ... + ao. 
We have the following: 

Lemma 3.9. The linear automorphism of the Julia set of f is a cyclic group ^(/) 
of order M. Let D € Z such that f o L ^ L^ o f for every L G ^(/). // Ci and (2 
are two roots of unity such that f((iX) = C,2f{X) then C,i G ^(/), and (,2 = Cf • 

Proof. This is a classical result in complex dynamics, see [Bea90] and [SS95]. D 

Proposition 3.10. (a) There is a constant C3 such that 

dcg{Gk)>C3d^ Vfc. 

(b) There is a constant C4 such that the affine height of Gk (^HSOO, Part B]^ 
satisfies: 

h{Gk) < c^d'' Vfc. 

(c) The average height of the roots ofGk are bounded independently ofk: there 
is C5 such that: 

Gfc(a)=0 

where we allow repeated roots to appear multiple times in ^. 
Proof. For part (a): if there are fci < fc2 and roots of unity Ci, ^2 such that: 

/'=»oQ = C^/'^'°^for^ = l,2, 
then we have that 

f''^-^' iCiX) ^ C2f''^~''' (x). 

By Lemma 3.9, we have that (i G ^(/)- Hence the curve ip''^ (C) which is given by 

f^ °Q . 

y = Cix is preperiodic, contradiction. Therefore, there exists u such that — r is 

foP 

not a root of unity for k > fi. Write: 

We have (this is the only place where we do not follow our convention on notation: 
A'' in the exponent means the usual "raising to the A'^*'^ power" instead of "taking 
the N^"^ iterate"): 

(F o Qf - {F oPf = n (.r oQ-Cro P). 

Since at most one factor has degree lower than d^deg(P), and that factor is a 
nonzero polynomial, we have: 

deg((/^ o Qf - (/^ o Pf) >{N- l)d^ deg(P). 

Therefore: 

deg(Gfc) - deg(/'=-'' of'oQ- /'^"^ o /'' o Q) > (d'^"" - 1)^" deg(P). 

This finishes part (a). 

For part (b), it suffices to show there are constants ei and £2 such that h{f^oP) < 
tid^ and h{f^ ° Q) < ^2d^ for every k. By similarity, we only need to prove the 
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existence of ei. Let ri,...,r^)= denote the roots of f''. Since hf{ri) — —^ — , we 
have: 

(30) ^Mr^)-/^/(0) + O(l)d'= 

where 0(1) only depends on / (since we change from canonical height to Weil 

height). From f'' o P = ]J(P - n), and [HSOO, Proposition B.7.2] we have: 

i=l 
d" 



h{.foP) < J2{h{P -n) + {dcg{P) + l)\og2) 



i=l 

d" 



< Y.^h{P) + Hn) + (dcg(P) + 2) log 2) 



i=l 

= hfiO) + cf^ihiP) + (dcg(P) + 2) log2 + 0(1)) 

where the last equality follows from (30), so the error term 0(1) only depends on 
/. Finally part (c) follows from part (a), part (b) and [BG06, Theorem 1.6.13]. D 

Part (c) of Proposition 3.10 only gives us an upper bound (independent of k) for 
the average of the heights of roots of Gk instead of the height of every root. Now 
suppose there is a constant cg (independent of k) such that for every fc, every root 
a of Gk that is not a root of Gk-i has degree at least c^d^ over K then we are done. 
The reason is that there are at least c^d^ conjugates of a and all contribute the 
same height to the average. It is usually the case in the dynamics of disintegrated / 
that every irreducible factor (in iir[X]) of Gk has a large degree unless it has already 
been a factor of Gk-i- However, while such phenomena appear in practice, it seems 
to be a very difficult problem to prove that such lower bounds on the degrees hold in 
general. We conclude this subsection by cooking up a specific instance in which all 

irreducible factors of — have large degrees thanks to the Eisenstein's criterion. 

Proposition 3.11. Let d > 2 and let p > d be a prime. Let ,f{X) = X'^ + p, 
and C be the curve y = x + p in (Pq)^- Then G is non-preperiodic and points in 
IJy C{K) n V{K) have bounded heights, where V ranges over all preperiodic curves 

Proof. By Theorem 2.13 and Proposition 2.14, non-preperiodicity of G is equivalent 
to f^{X) 7^ C.f^'iX^p) for every fc, and this is obvious. Hence G is non-preperiodic. 

We have: 

Gk = f\x+p) - f\x) = n {.f'-'i^+p) - cf'-H^))- 

By the reduction from part (b) of Question 3.7 to Question 3.8, it suffices to 
show that for every periodic W, points in lJfe>o ^i-^) ^ ^^''{W){K) have bounded 
heights. By the argument in the beginning of this subsection, we may assume W 
is the diagonal. Hence it suffices to show that roots of Gk have bounded heights 
independent of k. By Eisenstein's criterion, f^^^{x + p) — Cf''^^{x) is irreducible 
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(over Q(C)) when ( ^ 1. Then by Proposition 3.10 and the discussion after it, we 
get the desired conclusion. D 

3.5. The Bounded Average Height Theorem. 

3.5.1. The Statements. In this subsection, we prove that the average bounded 
height result in Proposition 3.10 holds for an arbitrary polarized dynamical sys- 
tem (see Theorem 3.13). We have the following: 

Theorem 3.12. Let f , n and (p be as in Theorem 3.4- Let C be an irreducible 
curve in (P^)" such that its projection to each factor P^ is onto. There exists a 
constant c-j such that for every irreducible preperiodic hypersurface V in (Pc-)" that 
does not contain C , the average height of points in C{K) n V{K) is bounded above 
by cj. More precisely, define: 

Cji.V ^miPi + ...+miPi 

where C{K) C\ V(K) — {Pi, . . . , Pj} and mi, . . . ,mi are the corresponding intersec- 
tion multiplicities. Then we have: 

(31) Y.U^MP^) ^ ^^^ 

As in the proof of Theorem 3.4, we can simply reduce to the case n = 2. Then 
Theorem 3.12 is a special case of the following: 

Theorem 3.13. Let X be a projective scheme over K such that Xf^ is normal and 
irreducible, H a closed subscheme of X such that Hg; is an irreducible hypersurface. 
Assume the line bundle L associated to H is very ample. Let d > 2, and let ip be 
a K -morphism from X to itself such that (p* L = L'^ . Fix a height h on X{K) 
corresponding to a very ample line bundle. There exists cg such that for every 
irreducible if -preperiodic curve V of Xj^ not contained in Hg^, the average height 
of points in H{K) n V{K) is bounded above by cs. More precisely, write: 

Hr-Vr = rniPi + ... + m2P2 

where H{K) n V{K) ~ {Pi, . . . , p} and mi, . . . ,mi are the corresponding multi- 
plicities. Then we have: 

(32) EIi^^Mp^) < ,^. 

From now on, we focus on proving Theorem 3.13. Note the amusing change that 
we now concentrate on the intersection of a fixed hypersurface with an arbitrary 
preperiodic curve. We regard A as a closed subvariety of P^ by choosing a closed 
embedding associated to H. Let h denote the Weil height on P^{K) as well as its 
restriction on X{K). We may prove Theorem 3.13 with h replaced by h since there 
exists M such that h < Mh + 0(1) where the error term 0(1) is uniform on X{K). 
The main ingredients of the proof of Theorem 3.13 are the arithmetic Bezout's 
theorem by Bost-Gillet-Soule [BGS94], and the construction of the canonical height 
for subvarieties by Zhang [Zha95] and Kawaguchi [Kaw06]. 
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3.5.2. Proof of Theorem 3.13. Let y be a </?-preperiodic curve in Xf^. Let F be 
a finite extension of K such ttiat V is defined over F. Write ff — 0k to denote 
the ring of integers of iiT, and tt to denote the base change morphism P^ — > P;^. 
As in [BGS94, p. 946-947], we let E denote the trivial hermitian vector bundle of 
rank A^ + 1 on Spec(i^) and equip the canonical line bundle .J( :— 0{l) of P^ with 
the quotient metric m. We denote ^ — (^, m). The pull-back of ^ to X is 
isomorphic to the line bundle L. 

For < p < iV + 1, for any cycle ^ e Zp{P^) of dimension p, following [BGS94, 
p. 946], we define the Faltings' height of 2f to be the real number: 

(33) hFaim^d^{ci{^r\2f) 

where Ci(^) is the first arithmetic Chern class of ^, and deg is the arithmetic 
degree map as defined in [BGS94]. 

For < p < A^, for every cycle Z e Zp(P^), let Z denote the closure of Z in 
P^. We define the Faltings' height of Z to be: 

(34) hFal{Z):^hFal{Z). 

\i Z E Zp(P^), we let K' be a finite extension of K so that Z is defined over A'', i.e. 
Z is the pull-back of a cycle Z' G ZpiV^,). Let p denote the base change morphism 
from P^, to P^. We then define the Faltings' height of Z to be: 

(35) hpaiiZ) := ^ hFai{p*Z') 

This is independent of the choice of K' . 

For < p < A^ + 1, for every cycle 2f G Zp{F^), we have the following Bost- 
Gillet-Soule projective height of 2f [BGS94, p. 964]: 

(36) hBGsm^d^{cp{Q)\^) 

where Q is the hermitian vector bundle defined as in [BGS94, p. 964], and Cp is the 
p*^ arithmetic Chern class of Q. 

For < p < N, for every cycle Z e ^p(P^), we define the Bost-Gillet-Soule 
height of Z to be: 

(37) hBGsiZ) := hBGsiZ). 

If Z G Zp(P^), we let K' be a finite extension of K over which Z is defined by 
Z' G Zp{F^,). Let p be the base change morphism as above, we define: 

(38) hsGsiZ) := |;^77^'^BG5(P*^')- 

This is independent of the choice of K' . 

Proposition 4.1.2 in [BGS94] in which the authors compare the Faltings' height 
and the Bost-Gillet-Soule projective height yields the following: 

Proposition 3.14. For < p < N , for any cycle Z G Zp(P^), define degi^{Z) = 
degiiiZ) := deg^(i)^(Z) as m [BGS94, p. 964]. We have: 

(39) hBGsiZ) = hFaiiZ) - [K : Q]c7p deg^(Z), 
where Op is the Stoll number (see, for example, [BGS94, p. 922]J. 
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The arithmetic Bczout theorem [BGS94, Theorem 4.2.3] imphes the following: 

Proposition 3.15. Let Y G Zn_i{P^) and Z e Zi(P^) be two cycles intersecting 
properly in P^. We have: 

hBGsiY.Z)<dcgi,{Z)hBGs{Y) + hBGs{Z)dcgi,{Y) 

+ [K : QHN, N, 2) deg^(r) deg^(Z) 

where a(N,N,2) is the constant defined in [BGS94, p. 971]. 

To prove Proposition 3.15, note the following: 

hBGsiY.Z) := hBGs(Y:Z) < hBGsiY.Z) 

because the closure Y.Z of Y.Z is contained in Y.Z. Then we bound hsGsiY .Z) 
from above by the right hand side of (40) thanks to [BGS94, Theorem 4.2.3]. 

Let H' denote the hyperplane of P^ whose restriction to X is H . Define V' = 

V 

as a pure cycle (with rational coefficients) in P^ . By the classical Bezout's 



Ei=i m^ 
theorem, we have: 



deg,(..n-[F:X]deg,(y')-t^^''^'^^^^^^ 



(41) 



deg^(if^.T/^ 

[F : K]degpiV) [F : K] 



degpiH'p.V) dcgp{H'p) 

(42) degj,{H'.7T^,V') = [F : K]. 



[F:K]. 



Apply Proposition 3.15 for the cycles H' and tt^V together with (41) and (42), 
we have: 

(43) hBGsiH'.TT^V) < [F : K]hBGsiH') + /isgs(^*"1^') + [F : Q]a(iV, N, 2). 

By using Proposition 3.14, (41), (42) and the fact that ctq — 0, we can replace 
hBGS by hpai in (43) to get: 

^ ^ hpaiiH' .7:,V') < [F : K]{hFai{H') - [K : Q](Tn-i) + hpaiiTr^V) 

(44) 

-[F:Q]ai + [F:Q]a{N,N,2). 

Therefore 

(45) hpaiiH' .TT,V') < [F : K]hFai{H') + hpaiiTr^V') + [F : Q]cio, 

where cio = a{N,N, 2) — (Ti — ctn-i is an explicit constant depending only on N. 
Dividing both sides of (45) by [F : Q], we have: 

From H'-^.V'-, = — ^^ — ^— ^, we have: 

Recall that h denote the absolute Weil height on Y'^ {K) (see the paragraph right 
after Theorem 3.13). Note that hpai on P^(^) is also a choice of a Weil height 
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(relative over K) corresponding the canonical line bundle ^(1)- Hence there exists 
a constant cn such that: 

(48) \h{P) - ^^^^\ < cii VP e F^iK). 

From (46), (47) and (48), we have: 

To finish the proof of Theorem 3.13, it remains to show that —-^ — — r- is bounded 

[K:Q] 

independently of V . We will use the canonical height h^^L constructed by Zhang 
[Zha95] and generalized by Kawaguchi [Kaw06] . We have the following special case 
of their construction: 

Proposition 3.16. There is a height function h^,L on effective cycles in Zi{Xg-) 
satisfying the following properties: 

(a) If Z is a preperiodic curve in Xj^ then h^j^{Z) = 0. 

(b) There exists a constant Ci2 such that for every curve Z in Xj^, we have: 

l^-^(^)-2[X:Q]deg^(Z)"<^- 

Part (a) follows from [Zha95, Theorem 2.4], and part (b) follows from [Kaw06, 
Theorem 2.3.1]. The preperiodicity of V together with Proposition 3.16 yield: 

[K:Q] [K:Q]dcgii{V) '''' 
which finishes the proof of Theorem 3.13. 
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